We formulate D = 11 supergravity over the octonions by rewriting 32-component Majorana spinors as 4-component octonionic spinors. Dimensional reduction to D = 4 and D = 3 suggests an interpretation of the so-called 'dilaton vectors', which parameterise the couplings of the dilatons to other fields in the theory, as unit 'octavian integers' -the octonionic analogues of integers. The parameterisation involves a novel use of the duality between points and lines on the Fano plane, and suggests a series of consistent truncations with N = 8 → 4 → 2 → 1, giving the 'four curious supergravities' studied by Duff and Ferrara.
I. INTRODUCTION
Of the four normed division algebras -the real numbers R, the complex numbers C, the quaternions H and the octonions O -the fourth is perhaps the most intriguing and the most mysterious. The octonions themselves hold an exceptional status, as well as providing an intuitive language for describing the exceptional groups, which appear as various symmetries in string and M-theory. The connection between supersymmetry, string theory and the division algebras has been studied in a few different contexts over the years. See, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . However, it is fair to say that the full significance of the octonions in string theory remains puzzling.
In the present paper, in an attempt to shed light on this problem, we present the Lagrangian and transformation rules of D = 11 supergravity written over the octonions. Following [11] , the method relies on the fact that a D = 11 spinor with 32 components may be packaged as a 4-component octonionic column vector [5, 11, 12] . We consider dimensional reduction to D = 4 and D = 3, where the U-duality groups are E 7 (7) and E 8 (8) , respectively. The coupling of the 7 or 8 dilatons to the other scalar fields in the theory can be parameterised by the sets of E 7 (7) or E 8 (8) root vectors [13, 14] . The octonionic nature of the fields in the Lagrangian suggests a new perspective in which these root vectors, or so-called 'dilaton vectors', are unit-norm 'octavian integers' -the octonionic analogues of the integers. This involves a novel use of the dual Fano plane, which is obtained by interchanging points and lines on the Fano plane. We demonstrate how in D = 4 our parameterisation suggests a simple series of truncations with N = 8 → 4 → 2 → 1, giving the so-called 'four curious supergravities' studied by Duff and Ferrara in [14] .
II. THE OCTONIONS
In this section, we briefly introduce the basic properties of the octonions. The octonions O are an 8-dimensional, non-commutative, non-associative normed division algebra with basis e a , a = 0, · · · , 7. A general octonion x ∈ O is then written as the linear combination x = x a e a , with x a ∈ R. The first basis element e 0 = 1 corresponds to the 'real part', while the other 7 basis elements e i , where i = 1, · · · , 7, are 'imaginary': 
We define a linear involution denoted by *, which changes the sign of the imaginary basis elements:
e 0 * = e 0 , e i * = −e i .
Using this we can extract the real and imaginary parts of x ∈ O by
The multiplication rule for the imaginary octonionic basis elements is given by
where the totally antisymmetric tensor C ijk is zero unless ijk lie in a line of the Fano plane F -see Fig. 1 : 
Note that any subalgebra of O spanned by {e 0 , e i , e j , e k } with ijk ∈ L is isomorphic to the quaternions.
FIG. 1.
The Fano plane F (image from [15] ). Each oriented line corresponds to a quaternionic subalgebra. For example, e 2 e 3 = e 5
and cyclic permutations; odd permutations go against the direction of the arrows on the Fano plane and we pick up a minus sign, e.g. e 3 e 2 = −e 5 .
We can define the norm ||x|| of an octonion x by
which satisfies the 'normed division algebra' property ||xy|| = ||x|| ||y||.
Polarising this gives a natural inner product [15] :
The complement of a line in the Fano plane is called a quadrangle. Thus the Fano plane F has seven points, seven lines and seven quadrangles. It will be useful to define the set of quadrangles Q = {3567, 4671, 5712, 6123, 7234, 1345, 2456}.
III. THE KIRMSE AND OCTAVIAN INTEGERS
In this section we very briefly discuss octonionic number theory. By analogy with the usual set of integers Z ⊂ R, an octonionic integer system I should be an 8-dimensional lattice embedded in O, which is (preferably) closed under multiplication using the rule inherited from O. The most obvious example is of course to take octonions whose components are all integers:
However, as shown in [16] , for a richer number theory we can require an analogue of the unique prime factorisation theorem to hold in I. For the ordinary set of integers Z this theorem says that each integer is a product of positive or negative primes in a way that is unique up to order and sign change. For an analogue of this theorem to hold in I, it must be 'well-packed' [16] ; that is, the following two conditions must hold:
where the distances are evaluated using the norm in O -see equation (6) . One set of octonions that satisfies these two conditions is the so-called Kirmse integers K. These can be described as follows. We can always write an octonion x as x = (x 0 + x i e i + x j e j + x k e k ) + (x i e i + x j e j + x k e k + x l e l ) (no summation), (11) where ijk ∈ L is a line of the Fano plane and hence i j k l ∈ Q is the complementary quadrangle. An octonion x, written in this way, is a Kirmse integer if {all of x 0 , x i , x j , x k are integers or all of x 0 , x i , x j , x k are half-integers} and {all of x i , x j , x k , x l are integers or all of x i , x j , x k , x l are half-integers}. As well as being well-packed, the Kirmse integers form the densest possible lattice in 8 dimensions. If around each lattice point we insert into R 8 a ball with radius 1 2 , then every ball touches 240 others. In fact, this is none other than the root lattice of the largest exceptional group E 8 .
Of particular importance to this paper are the 240 unit Kirmse integers -elements of K with unit norm -given by:
The set of Kirmse integers orthogonal to any particular basis element e a forms a copy of the root lattice of E 7 . In particular, the set orthogonal to e 0 = 1 is just the pure-imaginary Kirmse integers, whose 126 unit elements are ± e i and 1 2 (±e i ± e j ± e k ± e l ) with ijkl ∈ Q.
In our discussion of the Kirmse integers we have so far overlooked the vital question of whether or not they are closed under multiplication. Kirmse himself once stated that they were. However, it is easy to find a counter-example:
Hence K is not closed under octonionic multiplication, a result sometimes referred to as Kirmse's mistake [16] . The mistake can be rectified by the following unusual trick. For every Kirmse integer x = x a e a ∈ K exchange the coefficient x 0 with any one of the seven x i . The resulting lattice K is just a reflection of the Kirmse lattice, and so is well-packed. However, in this case it is closed under multiplication. In the literature, K has been referred to as the set of octavian integers or the integral Cayley numbers. We will demonstrate how they might be used in maximal supergravity theories in Section VI.
IV. OCTONIONIC SPINORS IN D = 11
A Majorana spinor in D = 11 has 32 components, usually represented as a real column vector. Alternatively, viewing R 32 as a tensor product
, we can write the spinor as a 4-component octonionic column vector
To generate the 4 × 4 octonionic Clifford algebra we seek a set of matrices
A natural choice [11] for these is the set 
with a = 0, 1, . . . , 7. To see how these are related to a more familiar real 32 × 32 set we can simply take their 'matrix elements':
where γ * is defined by
and Γ i ab is an element of the SO(7) Clifford algebra, formed from the octonionic structure constants:
We see that writing the gamma matrices over the octonions corresponds to an 11 = 4 + 7 split:
with the seven imaginary octonions playing the role of the SO (7) gamma matrices and the four real γ µ , µ = 0, 1, 9, 10, playing the role of the ('really real' Majorana) SO(1,3) gamma matrices. An obvious appeal of this octonionic parameterisation is that this natural split associates the seven extra dimensions of M-theory with the seven imaginary octonionic basis elements.
By equation (18), left-multiplying λ ∈ O 4 by the octonionic matrix γ M corresponds to multiplying λ's 32 real components by an ordinary real 32 × 32 gamma matrix. By successive composition we deduce that in general, the action of the rank r Clifford algebra element on λ can be written
The positioning of the brackets fixes any ambiguities due to non-associativity. For example, an infinitesimal Lorentz transformation of a spinor λ is
where
As in [11] , let us define an operatorγ M , whose action is left-multiplication by γ M , so that we can think of the rank r Clifford algebra element as the operatorγ
where the operatorsγ M must be composed aŝ
This ensures that the action ofγ [M1M2...Mr] on a spinor is given by (22), as required. In order to construct the supergravity Lagrangian and transformation rules in this language, we will require real spinor bilinears. These are built using the charge conjugation matrix C αβ (which is numerically equal to γ 0 but with a different index structure)
This matrix satisfies
where the dagger denotes transposition and octonionic conjugation. Let us definē
If λ 1 and λ 2 are octonionic spinors whose real components are anti-commuting Grassmann numbers, then the quantity
is Lorentz-invariant. Note that we define the dagger operation such that it also complex-conjugates the factor of i. This accounts for the anti-commuting spinor components. We can now form a general spinor bilinear as follows:
which will then transform as an r-index antisymmetric tensor under Lorentz transformations.
V. THE LAGRANGIAN AND TRANSFORMATION RULES
With the tools described above it is not difficult to rewrite the Lagrangian and transformation rules of D = 11 supergravity over the octonions. Starting from the conventional Lagrangian, all one must do is exchange any 32-component real spinors with their 4-component octonionic counterparts, and exchange any bilinears with those described above. This gives the following Lagrangian:
and the covariant derivative D M (ω) is defined by
The Lagrangian (31) is invariant under the following supersymmetry transformations:
although we do not prove this here.
VI. THE OCTAVIAN INTEGERS AS DILATON VECTORS
A. D = 4, N = 8 Supergravity
Next we consider dimensional reduction to D = 4, yielding N = 8 supergravity. Dropping the dependence of the fields on the seven coordinates associated with the seven imaginary basis octonions (as in equation (17)), we find the following bosonic content:
where i, j, k run over the seven internal dimensions, while µ, ν, ρ run over the extended four, and φ denotes the seven dilatons written as a seven-component vector. Note that the scalar fields descended from g M N have not been written here so as to be covariant with respect to the SO(7) (or GL(7, R)) symmetry associated with the internal dimensions; instead we have separated the dilatonic and axionic scalars as φ and A i j . Denoting (p + 1)-form field strengths of p-form potentials with superscripts (p + 1), the Lagrangian for the bosonic sector is then:
where the field strengths and their transgression terms are defined in [13, 14] and L F F A denotes the terms descended from the topological term in the eleven dimensional Lagrangian. Note that in the bosonic sector all the fields are real, since the octonions have so far only been used in the description of the fermions. The constant 'dilaton vectors' a, a i , a ij , a ijk , b i and b ij parameterise the non-canonical coupling of the seven dilatons φ to the other bosonic fields. For the various potentials, they are given by:
2-potentials:
a i = f i − g,
1-potentials:
a ij = f i + f j − g, b i = − f i ,
0-potentials:
where the vectors g and f i satisfy
Traditionally these vectors are given as below [13] -presented for D extended dimensions (temporarily letting i, j = 1, 2 · · · , (11 − D) for these few equations) so that we can use the expressions later on for D = 3:
However, in the following we present our own alternative octonionic parameterisation, which makes manifest the relationship between the bosonic sector, the Fano plane and the dual Fano plane. Returning to D = 4, we use g and the seven f i to compute all the dilaton vectors. In particular, a ijk , b ij and − a i , the vectors parameterising the coupling of the dilatons to the 63 axions, are the positive roots of the U-duality group E 7(7) (where we dualise the seven 2-forms A µνi to scalars, whose dilaton vectors are − a i ). The dilaton vectors a ij and b i make up the positive weights of the 56 of E 7(7) , under which the 2-form field strengths and their duals transform.
Since we have a dilaton for each internal dimension, and the seven internal dimensions are associated with the seven imaginary octonions via (17) , it makes sense to consider the seven dilatons φ themselves to be components of an imaginary octonion φ i e i . In this case, the dilaton vectors should also be viewed as a particular set of imaginary octonions, so that we may form the scalar products that appear in the exponential couplings in (31). We will demonstrate that this perspective has some interesting consequences.
Consider the replacement f i → f i ∈ Im O, where 
i.e. f i = 1 2 (e i + e j + e k ), with ijk ∈ L. This amounts only to a change of basis in the space of dilaton vectors. As clarified below, this particular choice of parameterisation makes manifest the relationship between the bosonic fields of N = 8 supergravity, the Fano plane and the dual Fano plane. We find that
2 (e 1 + e 2 + e 3 + e 4 + e 5 + e 6 + e 7 ),
and using the inner product defined in (8) , one can check that
as required when D = 4. Now, using (37) we can compute the various dilaton vectors in this octonionic parameterisation. However, before we do so, it will be useful to properly introduce the dual Fano plane. In general, a projective plane P exhibits a duality between its points and lines, whose roles may be interchanged to obtain a new space P ∼ = P. For every statement relating points and lines on P there is a dual statement relating lines and points on P. For example, just as two points on a projective plane lie on a unique line, two lines on the plane meet at a unique point. Since the (unoriented) Fano plane is the projective plane over the field Z 2 , if we interchange the roles of its points and lines we obtain a dual plane -see Fig. 2 . In practice we relabel the lines 124, 235, 346, 457, 561, 672, 713 as 1, 2, 3, 4, 5, 6, 7, respectively, which leads to the plane on the right in Fig. 2 , whose lines are given by the set L = {157, 261, 372, 413, 524, 635, 746}. This relabelling is deliberately chosen so as to match up with (40). Now we compute the E 7(7) root dilaton vectors, starting with those whose expressions are simplest. Since a line in L corresponds to a point in the original Fano plane F, we should expect a ijk with ijk ∈ L to correspond in some way to a point in F. This is indeed the case, since a 157 = e 1 , a 261 = e 2 , a 372 = e 3 , a 413 = e 4 , a 524 = e 5 , a 635 = e 6 , a 746 = e 7 .
Next we consider the octonions −a i , whose labels correspond to points on the dual Fano plane F and hence to lines on F. Indeed, one finds that 
which match up with the seven quadrangles complimentary to the seven corresponding lines of F. Computing the rest of the vectors, a ijk (ijk / ∈ L) and b ij (see Appendix), we find that the whole set populates the unit imaginary Kirmse integers:
± e i and 1 2 (±e i ± e j ± e k ± e l ) with ijkl ∈ Q.
(45)
We will show in Section VII how this parameterisation inspires, from a new perspective, a series of natural truncations that has appeared before in the literature. The vectors a ij and b i corresponding to the 1-form gauge potentials all have the form
Putting all of this together means that (after dualisation) we can schematically write the bosonic N = 8 Lagrangian as
where the sums run over all the vectors listed in Table III in the Appendix, which correspond to the points, lines and quadrangles of the Fano plane with the various possible ± sign combinations. As alluded to above, this new parameterisation makes manifest the relationship between the bosonic fields and the structure of the Fano plane. Before we move on to D = 3, we will briefly demonstrate a nice Fano-plane-based trick for restricting the roots of E 7(7) to those of its maximal compact subgroup SU (8) . The adjoint of E 7(7) decomposes into SU(8) as:
so we expect the 126 roots of E 7(7) to split into two sets: a set consisting of the 56 roots of SU (8) and the remaining 70 vectors corresponding to the weights of the 70 representation. The trick is first to choose a line of the Fano plane -let us say 124. As shown in [17] , we then discard the unit Kirmse integers ±e 1 , ±e 2 and ±e 4 , as well as those associated with the corresponding quadrangle -in this case 1 2 (±e 3 ±e 5 ±e 6 ±e 7 ). We then take the remaining quadrangles and wherever e 1 , e 2 and e 4 appear we fix their relative signs according to the following rule: if we choose another point -say e 7 -then the signs are the same if e 7 appears in the quadrangle and different if it does not. This is shown explicitly in Table I .
E7 roots SU (8) roots
±e1, ±e2, ±e3, ±e4, ±e5, ±e6, ±e7 ±e3, ±e5, ±e6, ±e7
Dimensionally reducing to D = 3 means there are eight internal dimensions, which we label a = 0, 1, . . . , 7. As a result, there are eight dilatons φ, which we now write as an octonion φ a e a . Accordingly, we replace the eight vectors f a , each of which has eight entries, with eight octonions: f a → f a ∈ O, where we choose the parameterisation
This gives g = 1 2 (3 + e 1 + e 2 + e 3 + e 4 + e 5 + e 6 + e 7 ),
so that calculating the inner products we find
consistent with (38) for D = 3.
In D = 3 the 2-form potentials carry no degrees of freedom and the 1-form potentials may be dualised to scalars. Since the metric contains no dynamical degrees of freedom, all the bosonic degrees of freedom of the theory are carried by the resulting 128 scalars, whose dilaton vectors are − a ab , a abc , − b a and b ab . These make up the positive roots of the U-duality group of the theory, E 8 (8) .
Again, due to the labelling system chosen in (49), we should expect the a abc with abc ∈ L to correspond in some way to the points of the Fano plane F. This is indeed the case: 
Similarly, the b a correspond to points on F and hence to lines on F: 
The a 0i also reflect this simple correspondence: 
Computing all positive and negative roots (see Appendix), we recover the whole set of 240 unit Kirmse integers, the roots of E 8 (8) :
2 (±e i ± e j ± e k ± e l ) with ijkl ∈ Q.
We have chosen to parameterise the vectors f a as in equation (49) because this leads us to dilaton vectors that are easily recognisable as Kirmse integers (since the Kirmse integers take their structure from the lines and quadrangles of the Fano plane). However, we could just as easily have parameterised so as to arrive at the octavian integers, which are closed under multiplication. In other words, in the manor above, the dilaton vectors of D = 3, N = 16 supergravity may be equipped with a multiplication rule, under which they form a closed algebra.
Just as in D = 4 above, in D = 3 we can also write the dualised N = 16 bosonic Lagrangian as
where in this case the sums run over the vectors listed in Table IV .
In this final section we return to D = 4 and demonstrate a natural series of Fano-plane-based truncations of N = 8 supergravity that yield the so-called 'four curious supergravities' studied in [14] . These theories can be summarised as
• N = 8 supergravity with coset
SU (8) ,
• N = 4 supergravity coupled to 6 vector multiplets with coset SL(2,R)×SO (6, 6) SO(2)×SO(6) 2 ,
• N = 2 supergravity coupled to 3 vector multiplets and 4 hyper multiplets with coset
• N = 1 supergravity coupled to 7 Wess-Zumino multiplets with coset
Note that the truncations are rank-preserving; that is, each of the U-duality groups has rank 7. This means that in each case the root space is 7-dimensional, so we may continue to make use of imaginary octonions in our description. The truncations from N = 8 supergravity to the N = 4, 2, 1 theories can be carried out at the level of the root space using the Fano plane as a guide as follows:
• For N = 4: choose one point of the Fano plane -say e 1 ; take the unit Kirmse integers ±e 1 to be the roots of SL(2, R); the space of imaginary Kirmse integers orthogonal to ±e 1 then corresponds to the root lattice of SO(6, 6).
• For N = 2: choose a line of the Fano plane -say 124; take the unit Kirmse integers ±e 1 , ±e 2 and ±e 4 to be the roots of SL(2, R) 3 ; the space of imaginary Kirmse integers orthogonal to ±e 1 , ±e 2 and ±e 4 then corresponds to the root lattice of SO(4, 4).
• For N = 1: 'choose' the whole Fano plane; take the unit Kirmse integers ±e 1 , ±e 2 , ±e 3 , ±e 4 , ±e 5 ± e 6 , ±e 7 to be the roots of SL(2, R) 7 .
In other words, the truncation series with N = 8, 4, 2, 1 amounts to singling out 0, 1, 3 and 7 points of the Fano plane, respectively, retaining only the corresponding imaginary units and the space of roots orthogonal to these units. This is best illustrated by the example shown in Table II . SO(4, 4) ±e1, ±e2, ±e3, ±e4, ± e1 ±e2, ±e3, ±e4, ± e1, ±e2, ±e4 ±e3, ±e1, ±e2, ±e3, ±e4, ±e5, ±e6, ±e7, ±e5, ±e6, ±e7, ±e5, ±e6, ±e7, ±e5, ±e6, ±e7 1 2 (±e3 ± e5 ± e6 ± e7), 1 2 (±e3 ± e5 ± e6 ± e7), 1 2 (±e3 ± e5 ± e6 ± e7) 1 2 (±e4 ± e6 ± e7 ± e1), 1 2 (±e5 ± e7 ± e1 ± e2), 1 2 (±e6 ± e1 ± e2 ± e3), 1 2 (±e7 ± e2 ± e3 ± e4), 1 2 (±e7 ± e2 ± e3 ± e4), 1 2 (±e1 ± e3 ± e4 ± e5), 1 2 (±e2 ± e4 ± e5 ± e6) 1 2 (±e2 ± e4 ± e5 ± e6) TABLE II. E 7(7) ⊃ SL(2, R) × SO(6, 6) ⊃ SL(2, R) 3 × SO(4, 4) ⊃ SL(2, R) 7 roots, corresponding to the four curious supergravities. The sets single out 0, 1, 3 and 7 points of the Fano plane, respectively, or equivalently 7, 3, 1 and 0 quadrangles.
Counting the roots in each case (excluding SL(2, R) factors) we have (7 × 2) + (7 × 2 4 ) = 126 → (6 × 2) + (3 × 2 4 ) = 60 → (4 × 2) + (1 × 2 4 ) = 24 → 0 for E 7(7) → SO(6, 6) → SO(4, 4).
VIII. SUMMARY
We have demonstrated how eleven-dimensional supergravity may be written over the octonions. The octonions are simply used in an alternative formulation of the usual Clifford algebra for the fermionic sector. However, the octonionic parameterisation leads to a new perspective in the bosonic sector upon dimensional reduction to the maximal supergravity theories in D = 4 and D = 3.
In the D = 4 case we write the seven coordinates of the internal dimensions as an imaginary octonion, leading us to interpret the seven dilatons as an imaginary octonion. The resulting parameterisation of the dilaton vectors (as imaginary Kirmse integers) in terms of the quadrangles of the Fano plane offers a simple way to interpret the sublattices corresponding to the four curious supergravities.
Upon reduction to D = 3, the 240 dilaton vectors may be considered as the 240 unit octavian integers, and thus they form an algebra that is closed under multiplication. This is an interesting result in its own right, although what it can be used for -or indeed whether it is useful at all -is so far a mystery. We speculate that the algbera could have some utility in working with D = 3 black hole solutions, in which dilaton vectors sometimes appear explicitly. However, for now we could call what we have found an answer without a question.
